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1. INTRODUCTION

The classical theorem of Lebesgue [21] says that the Fejér means [11] of a one-dimensional
integrable function f converge almost everywhere to f. More exactly,

1 (T
Jim [ sp@)de = p@)
at each Lebesgue point of f, thus almost everywhere, where s; f denotes the tth Dirichlet in-
tegral of the one-dimensional function f. In this survey paper, we generalize this theorem for
higher dimensional functions and for more general summability methods. We give five differ-
ent types of summability methods and five generalizations. All the five summability methods
are investigated exhaustively in the literature.

A general method of summation, the so called #-summation method, which is generated
by a single function ¢ and which includes the well known Fejér, Riesz, Weierstrass, Abel, etc.
summability methods, is studied intensively in the literature (see e.g. Butzer and Nessel [6],
Trigub and Belinsky [2, 33, 34], Liflyand [23], Gat [12, 13, 14], Goginava [15, 16, 17], Simon [29],
Persson, Tephnadze and Wall [27] and Weisz [35, 44]). Lebesgue points of multi-dimensional
functions are investigated in Belinsky, Liflyand and Trigub [3, 1] and in Feichtinger and Weisz
[9, 10].

For higher dimensional functions the #-summability can be defined by

1 t ~
o f(x) = e /Rd 0 (|7|Jq) ft)e ™t dt (x € R4, T >0)
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or by
t 7.m
ol f(z @ d/g/ ||9 (' |> tdt  (zeRL,TeR?).

The special cases ¢ = 1,2, 00 are 1nvest1gated exhaustively in the literature. In particular, the
case ¢ = 2 in Stein and Weiss [31], Davis and Chang [8] and Grafakos [18], the case ¢ = 1 in
Berens [4, 5], Szili and Vértesi [32] and the case ¢ = co in Marcinkiewicz [24], Zhizhiashvili [45]
and Weisz [35, 44]. The second type of summation was considered e.g. in Zygmund [46], Gat
[12] and Weisz [35, 44].

In this paper, we introduce a different concept of Lebesgue points and a different Hardy-
Littlewood maximal function for each summability just mentioned. We generalize Lebesgue’s
theorem for these new Lebesgue points and for the different summability methods and for
higher dimensional functions from the Wiener amalgam space W (L1, {,)(R?) D L;(R?). All
the results of this paper hold e.g. for the Weierstrass, Abel, Picard, Bessel, Fejér, de La Vallée-
Poussin, Rogosinski and Riesz summations. This paper was the base of my talk given at the
3rd International Conference: Constructive Mathematical Analysis, July, 2025 in Konya (Tiirkiye).

2. THE ONE-DIMENSIONAL #-SUMMABILITY AND LEBESGUE’S THEOREM

For a fixed d € N, d > 2, we equip the space Lp(Rd) with the norm

1/p
P .
= (fRd|f| d)\) , 0<p<og;
supga | f, p = oo.

The Fourier transform of a one-dimensional function f € L;(R) is given by

N 1 —xt
fo) = o= [ 10 ar @eR)

where 1 = /—1. If f € L,(R) forsome 1 < p < 2and f € L;(R), then the Fourier inversion
formula holds:

@.1) f@) = \/%? /R Fetdat  (z € R).

The integrability condition of fisa very strong condition. Without this condition, we may
consider the Dirichlet integral s f:

srf(z) \/ﬂ/ Ft)et dt,

which is well defined. It is known that for f € L,(R), 1 < p < oo,

Tlim spf=f in the L,(R)-norm and a.e.
—00

The norm convergence is due to Riesz [28] and the almost everywhere convergence is the fa-
mous theorem due to Carleson and Hunt (see Carleson [7] and Hunt [19] or recently Grafakos
[18]).

This convergence does not hold for p = 1. However, using a summability method, we can
generalize these results. The most known summability method is the Fejér method. The Fejér
means are defined by

o= e - ) o
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We generalize this summation and introduce a very general summability method, the so called
f-summation defined by a function § : R, — R satisfying 6(0) = 1. This summation contains
all well known summability methods, such as the well known Weierstrass, Abel, Picard, Bessel,
Fejér, de La Vallée-Poussin, Rogosinski and Riesz summations. Similarly to the Fejér means, in
the Fourier inversion formula (2.1), we multiply the integrand by a suitable function 6§ . More
precisely, let

2.2) off(z) = \/ﬂ/ ('“) Flo)e dr.

It is easy to see that we get back the Fejér means if 6(¢) = max((1 — [¢|),0). This definition can
easily be extended to all f € W (L4, (s )(R).

It is know that the Fejér means converge to f as T — oo when f € L;(R). However, we
can characterize the set of convergence as follows. The Hardy-Littlewood maximal function is
defined by

h
M(x) = Z‘i%i (e — D) dt

and the following result holds (see e.g. Stein [30]):
Theorem 2.1. If f € L1 (R), then

st;ppA(Mf > p) < C|lf[l
p

Moreover, if 1 < p < coand f € L,(R), then
1M A1, < Gl -
The weak type inequality of the theorem implies the next result due to Lebesgue.

Corollary 2.1. If f € Ly(R), then

h
lim—/ flz—t)dt = f(z) ae. x € R.
—h

1"
%11)%% » flx—1t)— f(x)dt=0 a.e.
and
1 h
%lg%)% 7hf(x—t)—f(x)dt =0 a.e..

If we can go with the absolute value inside the integral, then we say that z is a Lebesgue point
of f. More exactly, a point = € R is called a Lebesgue point of f € L;(R) if

1

. h
%%%[hlf(x—t)—f(x)ldt=0-

We can see, that the Lebesgue points are depending only on f and if f is continuous at z, then
x is a Lebesgue point of f. All our generalizations will have these properties.

Theorem 2.2. Almost every point x € R is a Lebesgue point of f € L1 (R).
The next well known theorem was proved by Lebesgue [21] in 1905 (see also [11]).
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Theorem 2.3. For all Lebesgue points of f € L1 (R),
lim orf(x) = f(x).
T—00

In what follows, we will generalize this theorem for multi-dimensional functions and for the
general f-summability method.

3. THE MULTI-DIMENSIONAL #-SUMMABILITY

Let us turn to the higher dimensional functions. For ¢,z € RY, let

d d q 1/q
bt [l { (Dialal?) L 0<a <o
i supi_y,.qlzl,  g=oo.

The Fourier transform of a higher dimensional function f € Li(R?) is given by

o~

_# efw-t T d
fla) = e [ f0etdt (e B,

The inversion formula (2.1) holds in this case, too.

The first question is, how can we generalize the definition (2.2) for higher dimensional func-
tions? There are some generalizations, which are investigated exhaustively in the literature.
In the first natural generalization, instead of |¢| we write the g-norm ||¢||, of the d-dimensional

vector t = (t1,...,tq) and the function 6 remains a one-dimensional function. These means are
called /,-0-means. More exactly, suppose that ¢ : R, — R satisfying
(33) 0e€Co(Ry),  O(l-llg) € Li(RY),  6(0) =1.

Here Cy(R4 ) denotes the set of continuous functions vanishing at infinity. The T'th ¢,-6-mean
of the function f € L,(R%) (1 < p < 2) is defined by

1 t —~
a%’ef(x) = Gm)i /Rd 0 (”Tq> f(t)e ™t dt (x e RY, T > 0).

Note that the integral is well defined and 7' is a positive real number. Usually three subcases are
investigated in the literature: the /,-9-means are called triangular if ¢ = 1, circular if ¢ = 2 and
cubicif ¢ = oo (see Figure 1). The cubic summability (when ¢ = 00) is also called Marcinkiewicz
summability.

In the other natural generalization, instead of the function 6, we use d one-dimensional
functions 61, ...,0,4. The Tth rectangular §-mean of the function f € L,(R?) (1 < p < 2)is
given by

ol f(z) = ;/ ﬁ 0; <|t]|> f(t)e““'t dt (x e RL,T € RY).
(2m)472 [ 1 I\ T ) +

In this case, we will always assume that
(3.4) =0, - R0, Hj S Ll(R+)mCO(R+) and (9](0) =1

forall j = 1,...,d. In this definition, T = (T},...,Ty) € Ri is a vector. Two subcases of this
summability will be investigated, the restricted (when T € R¢ is in a cone) and the unrestricted
(when T' € R?) summability. For each of the five generalizations, we need a new concept of
Lebesgue points. The proofs are strongly different for different cases.
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FIGURE 1. Regions of the {,-partial sums for d = 2.

4. NORM CONVERGENCE OF THE HIGHER DIMENSIONAL SUMMABILITY MEANS

In this section, we deal with the norm convergence of the ¢,-summability means and the
rectangular means. First, we introduce the next function space. A Banach space B consisting
of Lebesgue measurable functions on R? is called a homogeneous Banach space if

(a) forall f € Band x € RY, T,.f € Band ||T..f|5 ~ || fll 5

(b) the function z +— T, f from R? to B is continuous for all f € B,

(c) the functions in B are uniformly locally integrable, i.e., for every compact set K C
R4 there exists a constant C such that

/K Sl <Cklfls  (f€B).

Note that if B is a homogeneous Banach space on R, then
B C W(L1,lx)(R)

(see Katznelson [20]). It is easy to see that the spaces C(R?), L,(R?), W (L,, £,)(R?), W(L,, co)(R?),
W(C,£,)(RY), Wr(Ly,co)(RY) (1 < p,q < oo) and Lorentz spaces L, ,(R?) (1 < p < 00,1 < g <
00) are all homogeneous Banach spaces. Note that the definition of Wiener amalgam spaces can

be found in Section 5. Moreover, the space C,, (R?) of uniformly continuous bounded functions
endowed with the supremum norm is also a homogeneous Banach space.

4.1. Norm convergence of the /,-summability means. For an integrable function f,

o’ f(x) = [ - HEF () dt = f« K (x) (@ € RET >0),

where the T'th ¢,-0-kernel is given by

1 k] : 1 ~
q,0 A q -t _ d
KE'@) = o /Rd9< 7 ) ¢l = T h(T).

This definition can easily be extended to all f € W (L1, £ )(RY).
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For ¢ = 2, we suppose in addition to (3.3) that
(4.5) 0o € L1 (R%),

where 60y(x) := 6(]|z|4). Since this condition is hard to check for ¢ = 1 and ¢ = oo, we use
another concept in this case. Namely, we suppose that ¢ is continuous on R, the support of 6
is [0, | for some 0 < ¢ < oo and @ is differentiable on (0, c). Suppose further that

(4.6) 6(0) =1, / max{t, 1}%/0/(t)| dt < oo, Jim t%0(t) = 0
0 — 00
and assume that

(4.7)

/ 0’ (t) t soc (tu) dt‘ <Cu™“®
0

for all © > 0 and for some 0 < a < oo, where
cost, ifdiseven;
soct =< . L
sint, if disodd.

We can show that (4.6) implies that (|| - ||,) € L1(R?) for ¢ = 1 and ¢ = o0
The next two theorems were proved in Berens, Li and Xu [4], Oswald [26] and Weisz [38, 36,
37]. Moreover, Li and Xu [22] investigated these theorem for Jacobi polynomials.

Theorem 4.4. Under the conditions (3.3) and (4.5) with ¢ = 2 or (4.6) and (4.7) with ¢ = 1, 00, we

have
/.

Theorem 4.5. Assume that B is a homogeneous Banach space on R?. Under the conditions of Theorem
4.4,

lim o%%f = f in the B-norm for all f € B.
n—oo

Kg:“’(x)’ dz<C (T >0).

o3’f| <clifly  @>0

and

Since C, (R?) is a homogeneous Banach space, we obtain:

Corollary 4.2. If f is a uniformly continuous and bounded function, then, under the conditions of
Theorem 4.4,
. q,0 p .
Th_r)réo o f=f uniformly.

4.2. Norm convergence of the rectangular summability means. For an integrable function f,
the rectangular means can be written in the form

opf(x)= [ fla DKL) dt = f+Kp(x) (v €RLTERY),
R
where the T'th rectangular §-kernel is given by

|t| 1 &~
tdt = @m)i 1 7:6i (1)
j=1

,...,d), then we can extend the definition of the rectangular §-means to all

Kf(x

RY G

If0; € Li(R) (j =1
f € W(Lheoo)(Rd)'
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Theorem 4.6. Assume that B is a homogeneous Banach space on RY. If 0; satisfies (3.4) and GA] €
Li(R) forall j =1,...,d, then
lorflly < Cliflz (f€B,TeRY)

and
Tlim ol f=f in the B-norm for all f € B.
— 00

As a consequence, we obtain:
Corollary 4.3. If f is a uniformly continuous and bounded function, 6; satisfies (3.4) and QAJ € Li(R)
forall j=1,...,d, then
lim off = f uniformly.
T—o00

5. ALMOST EVERYWHERE CONVERGENCE OF THE HIGHER DIMENSIONAL SUMMABILITY
MEANS

As mentioned earlier, we will consider three subcases of the {)-summability, ¢ = 2, ¢ = oo
and ¢ = 1. Moreover, we also study two subcases of the rectangular summability, the restricted
and the unrestricted summability. We will introduce for each case a new Hardy-Littlewood
maximal function and a new type of Lebesgue points.

First, we generalize the L,(R?) spaces and introduce new function spaces. A measurable
function f belongs to the Wiener amalgam space W (L,, £,)(R?) (1 < p < o0) if

1/q

I fllw,.e,) = Z llf(-+ k“)”%p[oJ)d < o0

kezd

if1 <g<ooand

ni+1 na+1 1/p
1w, e =  sup / / F@)P de
n;€L,i=1,...,d Jnq ng

if ¢ = oo. It is easy to see that W (L,, ¢,)(R?) = L,(R?) and
W (Lo, /1)(R?) € L,(RY) € W(L1,4o0)(RY) (1< p<o0).

We modify slightly the definition of W (L,, £ )(R?). If we change the integrals and the supre-
mums in this expression, then we obtain the definition of the iterated Wiener amalgam spaces.
In other words, a function f is in the iterated Wiener amalgam spaces W;(L,, £o)(R?) (1 < p <

oo) if
niy+1 nig+1 p
£ty = s (s [ sup [ @) da

(215eees ia) \Mi; €ZJn;, n;, €L niy,

is finite. If we replace |f(x)[P by |f(z)[?(log® |f(x)])* in the previous integral, then we get
the definition of W;(L,(log L)¥, (o)(RY) (k € N). Moreover, f is in the set L,(log L)*(R%)
(1<p<oo)if

1/p
lisore = [ 1Pog 1) @r) " <o,
where log™ u := max(0,logu). It is easy to see that
W (Lp, loo)(R?) D Wr(Ly(log L)*, £ec)(R) D Ly(log L)*(RY), Ly (R7)
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forall 1 < p < r < co. Note that the space W;(L,(log L)*, /-, )(R%) does not contain L,(R?).

5.1. Circular summability. For the circular summability, we need a new function space, the so
called Herz space. We denote by B(c, h) (c € R, h > 0) the ball {z € R? : ||z — ¢|2 < h}. Let
the dyadic coronas be defined by

Qr := B(0,2°)\ B(0,27Y) (k>0),  Qo:= B(0,1).
The Herz space E,(R?) contains all measurable functions f for which

I£lle, =" 201D | f1g, ] < co.

k=0
Then obviously

Li(RY) = By (RY) D E,(RY) > Ey(RY) 5 Ex(RY), 1<q<q <oc.

Now we introduce a straightforward generalization of the Hardy-Littlewood maximal func-
tion by integrating on cubes:

1 h h ,
i) = i [, [l or )

A similar result holds as in the one-dimensional case (see e.g. Stein [30] and Weisz [41]).

1/p

Theorem 5.7. For1 <p < oo,

sup pAMyf > )" < Clfll, - (f € Ly(RY)),

p

IMpfll, < Collfll: - (f € Le(RY),p <7 < 00)
and
1Mo f s, oy < ClFlwneny  (F € WLy, £)(RY),
”Mpfnw(Lmzoo) < C?”Hf”W(LT,ZOQ) (f € W(LT,KOO)(Rd),p <r< OO)
The third inequality of the theorem implies:

Corollary 5.4. If f € W(L1,£ RY), then

h—>o (2h)? / / fle—t)dt = f(x) ae x € R?

In other words,

. 1 h h ;
}llli%w/_hm/_hf(m—t)—f(g:)dt—O ae z€RY
A point x € R? is called a p-Lebesgue point of f (1 < p < o0) if

1 h h 1/p
hg%)(W/h.../hlf(x—t)—f(xﬂpdt) _o.

We can check easily that all -Lebesgue points are p-Lebesgue points, whenever p < r. The
definition of a p-Lebesgue point is depending only on f and every continuity point is a p-
Lebesgue point. The following theorem can be found in Butzer and Nessel [6], Stein and Weiss
[31] or Feichtinger and Weisz [9, 10].
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Theorem 5.8. Almost every point x € R? is a p-Lebesgue point of f € W (L, oo )(R?) if 1 < p < oo.

Recall that L, (R?) € W(L,,{)(R?). The first generalization of Lebesgue’s theorem reads
as follows.

Theorem 5.9. Let 6y € Li(R%), 1 < p < coand 1/p+1/q = 1. If 6y € E,(RY), then
: 0
Jim o7’ f(x) = f(z)
for all p-Lebesgue points of f € W (L, o) (R?).

The theorem is due to Feichtinger and Weisz [10]. Originally, it was proved for Riesz sum-
mation, for p = 1 and for integrable functions without using the Herz spaces in Stein and Weiss
[31] or Butzer and Nessel [6]. We proved in [10] that the converse of the theorem holds also.

Theorem 5.10. Suppose that 0, € Ly (R%), §y € Ly (R?), 1 <p < coand 1/p+1/q = 1. If
L 20 _
Jim op” f(x) = f(z)
for all p-Lebesgue points of f € L,(R%), then 0, € E,(RY).

5.2. Unrestricted rectangular summability. Here we study another Hardy-Littlewood maxi-
mal function where we integrate on rectangles and not on cubes as before. The strong Hardy-
Littlewood maximal function is defined by

1/p
M, f(x) = su (x —t)|P dt .
/(@) hl,...,}?d>0 <2 dhy - hd/ / ) )

The next theorem was proved by the author [41].

Theorem 5.11. Assume that 1 < p < coand I = I x --- x Iqwith |I,| = --- = |Iy| = 1. If
f € Ly(log L)1 (RY), then

Sli%p)‘(x : M&pf(l') > p,x € I>1/p < CP + CP ||f||Lp(logL)d*1
p

Forp <r < oo,

1Mo pfll, < Collfll, (f € Lo(RY)).

If f € Wi(Ly(log L)3~1, £:0)(RY), then

HMs,pf”W(L C +C Hf”WI(L (log L)4—1,0)

Pp,00 oc) -
and, for p < r < oo,
HMs,prW(ngm) < Crllfllwy (e (f € Wi(Ly, o) (RY)).
Corollary 5.5. If f € Wi (L1(log L)4™1, 05.)(R?), then
1
lim 7/ fle—t)dt = f(z) ae zeR
W0 15 (2h) s

A point x € T is called a strong p-Lebesgue point of f (1 < p < o) if

1 h1 1/p
. R B » _
ilzli% <2dh1 Th [ / (x —t) — f(z)] dt) 0.

Here h — 0 means that h; — 0 forall i = 1,...,d. Again, every continuity point is a strong
p-Lebesgue point.
The following two theorems are due to the author [39].
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Theorem 5.12. For 1 < p < oo, almost every point x € R? is a strong p-Lebesgue point of f €
Wi(Lp(log L)*™1, £oo) (RY).

Recall that = 0; ® - - ® 04 satisfies (3.4). It is easy to see that 0 e E,(R%) if and only if
0; € E4(R) forall j =1,...,d.
Theorem 5.13. Let 6 € Ly (R), 1 < p < o00,1/p+1/q=1and § € E,(R%). If f €
Wi (L,(log L)1, 050)(RY), 2 is a strong p-Lebesgue point of f and M , f () is finite, then

lim off(x) = f(2).
T— 00

Obviously, the convergence holds almost everywhere. Here " — oo means again that 7, —
oo forall j = 1,...,d. The iterated Wiener amalgam space W (L, (log L)%, £,,)(R?) is the
largest function space for which these two theorems hold, even if we consider only almost

everywhere convergence. So they are not true either for W(L,, £+, )(R%) or for L,(R?) (see Gat
[12]). Now we formulate the converse of the preceding theorem.

Theorem 5.14. Suppose that 6 € Li(R%), 8 € L1(RY),1 < p < coand 1/p+1/q = 1. If
lim o7 f(z) = f(x)
T—o00
for all strong p-Lebesgue points of f € L,(R%), then § € E,(RY).

5.3. Restricted rectangular summability. The third generalization is almost the same as the
second one, the difference is that we assume here that T is in a cone (see Figure 2). For a given
T > 1, we define a cone by

RY .= {z ERi st <a /ey <1isj=1,...,d}.
The choice w = 1 obviously yields the diagonal.

FIGURE 2. The cone for d = 2.

Instead of the Herz spaces we use here a weighted version of these spaces. The weighted
Herz space £ (R) (w > 0) contains all measurable functions f for which

o0

s =D 2K@H=HD | f1g, || < oc.
k=0
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Obviously,
E,R)=E)R)DE/(R) 0<w<oo
and
Li(R) D EY(R) D EY(R) D E4(R) D EL(R), 1<g<q <oo.

Here, we cannot use the maximal functions introduced earlier, so we have to introduce a
third generalization of the maximal function. For w > 0 and 1 < p < oo, the Hardy-Littlewood
maximal function M4 f is given by

il 201 p 2tdp 1/p
MeLf(z) = sup 27« / / flx—t)|Pdt .
p (@) i€Nd h>0 (2h) dQH il J_girp, 2iah )

If w = 0, we get back the definition of the strong Hardy-Littlewood maximal function M , f.
In contrary to the strong maximal function, due to the weight 2-“ll‘l:, the weak type (p, p)
inequality will be true for M! (see Weisz [41]).

Theorem 5.15. For1 < p < coand w > 0,

sglgpk(/\/l“’ > p) P <Clfll,  (f € Lp(RY),
p

ML < Collflls (f € Lo(RY),p < r < o)
and

M iy o) S CM Wy (F € W(Lp, b)) (RY)),
||M;;’1f||w(l/r1zoo) < CTHf”W(Lr,@oo) (f € W(Lr,gm)(Rd),p <r< OO)

Note that the definitions of the p-Lebesgue points and strong p-Lebesgue points can be

rewritten as
1 h h /p
lim su 7/ / x—1t)— f(x)P dt =0
T%00<hgr ((Qh)d —h —h‘f( )= @)

1 ha 1/p
lim sup — / / (x —t)— f(z)|" dt =0,
r—0 0<h;<r,j=1,....d Hj=1(2hj) — ha

respectively. Similarly to this definition, we introduce a new type of Lebesgue points. For
1<p<ocandw > 0,apoint z € R?is called a (p, w)-Lebesgue point of f if

201, %idp, 1/p
lim sup g~ wllilly 7 / / flx—t)— f(z)]Pdt =0.
70N 10,21k h<r,k=1,...d (2h) 2” e J iy, %iah

If w = 0, then the (p,0)-Lebesgue points are the same as the strong p-Lebesgue points. If f
is continuous at z, then x is a (p,w)-Lebesgue point of f forall 1 < p < oo and w > 0. The
next two theorems are due to the author [42]. A first version of Theorem 5.17 was shown by
Marcinkiewicz and Zygmund [25] in 1939. Later Gat [12] and the author [35, 44] proved the
almost everywhere convergence.

and

Theorem 5.16. For 1 < p < oo, almost every point x € R? is a (p,w)-Lebesgue point of f €

W (Lp, loo) (RY).
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Theorem 5.17. Let 6; € L1(R), 1 < p < oo, 1/p+1/g=1,w > 0and b; € EZR) (i=1,...,d).
If f € W(Lp, loo)(R?), x is a (p, w)-Lebesgue point of f and M2 f(x) is finite, then
lim o f(z) = f(a).

T—o0,TERY
Of course, the convergence holds almost everywhere.

5.4. Cubic summability. In the fourth generalization, when ¢ = oo, we do not use Herz spaces.
Instead, we will use conditions (4.6) and (4.7).

To introduce the next Hardy-Littlewood maximal function, let us denote by Pyi,j,  9iap @
parallelepiped, whose center is the origin and whose sides are parallel to the axes and/or to
the diagonals and whose kth side length is 2°+ ™'k if the kth side is parallel to an axis and
V2201 if the kth side is parallel to a diagonal (i € N4 h > 0,k = 1,...,d). More exactly, at
least one side of Pyiyj,  9iay, is parallel to one of the axes and the other sides are parallel to the
axes and/or to the diagonals.

Forw > 0and 1 < p < oo, the Hardy-Littlewood maximal function M f is given by

; 1
My f(x) = sup g-wllill, o /
P 2idh’i€Nd’h>0 | 21 h,...,2‘dh| P,

201 p

1/p
|f(z =) dt) :

where the supremum is taken over all parallelepipeds Pyiyj, . giap, (i € N%, h > 0) just defined.
If we take the supremum only over all rectangles with sides parallel to the axes, we get back
the definition of the maximal operator M%"! f. 5.15 remains true for the maximal operator M3
ifl<p<oocandw > 0.

For 1 < p < coand w > 0, a point z € R? is called a strong (p, w)-Lebesgue point of f if

1 1/p
lim sup g-wllily ([ 2
r—0 A d ‘P i P | )
P, JAENT h>0 2U1h,...,2%h Py,

211 by 2ldp
2k h<r,k=1,...d

1/p
|f(x—1t) = f(x)] dt) =0.

2%d p

The next theorems of this subsection were proved in [40].

Theorem 5.18. Almost every point x € R is a strong (p, w)-Lebesgue point of f € W (L, £ )(R?)
ifl1 <p<oo.

Ifp>1land f € W(L,, lx)(R?), then we do not need the concept of strong (p,w)-Lebesgue
points just introduced, it is enough to consider (p, w)-Lebesgue points.

Theorem 5.19. Suppose that 1 < p < oo and the conditions (4.6) and (4.7) are satisfied. If f €
W(Lp, lso)(R?), x is a (p,w)-Lebesgue point of f and M f(x) is finite, then

lim o3 f(x) = f(x).

T—o0

This result does not hold for p = 1. In this case, we need the concept of strong (p,w)-
Lebesgue points.

Theorem 5.20. Suppose that the conditions (4.6) and (4.7) are satisfied. If f € W (L1, o) (R?), xisa
strong (1,w)-Lebesgue point of f and MY f(x) is finite, then

Jim o7 f (@) = f(a).

Using the theorems of this section, we have given simple proofs for the classical strong
summability results in [40].
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5.5. Triangular summability. The convergence results are similar to those for cubic summa-
bility and are proved in [43]. We use the same Hardy-Littlewood maximal function and the
same type of Lebesgue points as in Subsection 5.4.

Theorem 5.21. Suppose that 1 < p < oo and the conditions (4.6) and (4.7) are satisfied. If f €
W(Lp, lso)(R?), x is a (p,w)-Lebesgue point of f and M f(x) is finite, then

lim ok f(x) = f(x).

T—o0

Theorem 5.22. Suppose that the conditions (4.6) and (4.7) are satisfied. If f € W(L1,{s)(RY), z isa
strong (1,w)-Lebesgue point of f and MY f(x) is finite, then

Jim o7’ f(2) = f(2).
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