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ABSTRACT. In the paper, we introduce spaces SM,Φ and show their connection with the well-known Stepanets
spaces Sp

Φ, Orlicz spaces SM , and others. We obtain exact upper bounds for quantities analogous to trigonometric
widths and best n-term approximations of certain compact sets in these spaces.
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1. INTRODUCTION

In 2003, Stepanets [12] introduced the spaces Sp
Φ = Sp

Φ(X ,Y ). His approach made it pos-
sible to consider the usual problems of approximation theory in general linear spaces, and at
the same time, by considering special cases of his constructions, it is possible to obtain quite
meaningful results in many well-known spaces. Here, we consider the spaces SM,Φ, which
constructed similarly to the spaces Sp

Φ and generated by a certain Orlicz function M(u), u ≥ 0.
In the case when M is a power function, i.e., M(u) = up, p ≥ 1, the spaces SM,Φ coincide with
the spaces Sp

Φ. However, this construction also makes it possible to obtain, as special cases of
spaces SM,Φ, some other important spaces of the Orlicz type.

2. THE SPACES SM,Φ

2.1. Definition of the spaces SM,Φ. Let us introduce spaces SM,Φ and show their connection
with other well-known spaces. In defining them and further in the paper, we will mainly use
the symbols and definitions proposed in [12].

Let X and Y be some linear spaces of elements x and y, respectively. Suppose that a linear
operator Φ is defined on X acting in Y , and a functional f is defined on some subset Y ′ ⊂ Y .
Let E(Φ) be the range of the operator Φ, and X ′ be the preimage of the set Y ′ ⊂ E(Φ) under
the mapping Φ. In this case, on X ′ we can define the functional f ′ using the equality

(2.1) f ′(x) = f(Φ(x)), x ∈ X ′

If we choose as f a functional that defines a norm (or quasi-norm) on Y ′, then equality (2.1) will
define a similar quantity on X ′. These considerations form the basis for further constructions.

Let (Rd,B,dµ), d ≥ 1, be a d-dimensional Euclidean space of points t = (t1, . . . , td), defined
on a Borel σ-algebra B of subsets of Rd, with a finite σ-additive continuous measure dµ. Let
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A be a µ-dimensional subset of (Rd,B,dµ), whose µ-measure is equal to a, where a is a finite
number, or a = +∞:

µ(A) = |A|µ = a, a ∈ (0,+∞].

Let also Y = Y (A,dµ) be the set of all functions f = f(t) defined on A and measurable with
respect to the measure dµ.

Next, let M(u), u ≥ 0, be an arbitrary Orlicz function, i.e., a non-decreasing convex function
such that M(0) = 0 and M(u) → +∞ as u → +∞. Denote by LM (A,dµ) the set of all functions
f ∈ Y (A,dµ) that satisfy the condition

(∀C > 0)

∫
A
M(C|f(t)|) dµ(t) < +∞.

The linear space LM (A,dµ) is a Banach space with the Luxembourg norm

(2.2) ∥f∥
LM (A, dµ) := inf

{
α > 0 :

∫
A
M

(
|f(t)|

α

)
dµ(t) ≤ 1

}
,

and it is called the Orlicz space.
Note that in the case when M(u) = up, p ≥ 1, the spaces LM (A,dµ) coincide with the well-

known Lebesgue spaces Lp(A,dµ), which consist of functions f ∈ Y (A,dµ) such that

∥f∥
Lp(A, dµ)

=
(∫

A
|f(t)|pdµ(t)

) 1
p

< +∞.

Let X be a linear space of elements x, and Φ be a linear operator acting from X to Y (A,dµ):

(2.3) Φ : X → Y (A, dµ), Φ(x) =: x̂, x ∈ X , x̂ ∈ Y (A, dµ).

We set

(2.4) SM,Φ = SM,Φ(X ,Y ) =
{
x ∈ X : ∥x̂∥

LM (A, dµ) < +∞
}
.

Thus, the set SM,Φ is the set of all elements x ∈ X that are preimages of functions from the set
LM (A, dµ) under the mapping Φ.

Elements x1, x2 ∈ X are considered identical in SM,Φ if, with respect to measure dµ, x̂1(t) =
x̂2(t) almost everywhere on A. For elements x1, x2 ∈ SM,Φ, the Φ-distance between them is
defined by the equality

ρΦ(x1, x2)M,Φ
= ∥Φ(x1 − x2)∥LM (A, dµ) .

An element θ is called a zero element of the set SM,Φ if the equality θ̂(t) = 0 holds almost
everywhere on A.

The distance ρΦ(θ, x)M,Φ
is called the Φ-norm of the element x ∈ SM,Φ and it is denoted by

∥x∥
M,Φ

. Thus, by definition

(2.5) ∥x∥
M,Φ

= ρΦ(θ, x)M,Φ
= ∥x̂∥

LM (A, dµ) .

In the terminology accepted in the theory of integral transformations, the element x̂ = Φ(x) is
the image (Φ-image) of an element x, and the set E(Φ) of values of the operator Φ is the set of
images. Thus, the Φ-distance and Φ-norm are the distance and norm in the space of images.

2.2. Examples of the spaces SM,Φ. Let us consider several examples of the simplest implemen-
tations of the constructions under consideration. Here, we will say that a certain space N is a
special case of the space SM,Φ if it can be obtained by appropriately choosing the space X , the
measure dµ, and the operator Φ.
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2.2.1. Spaces Sp
Φ. In the case when M(u) = tp, p ≥ 1, the spaces SM,Φ coincide with the

Stepanets spaces Sp
Φ [12]. Note that in [12], many special cases in the above sense of spaces

Sp
Φ were also presented. Approximative characteristics of the spaces Sp

Φ were studied in [12, 13,
16, 8], etc.

2.2.2. Spaces SM,φ. Let X be a linear complex space, let φ = {φk}∞k=1 be a fixed countable
linearly independent system in this space, and let any pair x, y ∈ X , in which at least one
element belongs to φ, be associated with a number (x, y) such that the following conditions are
satisfied:

1) (x, y) = (y, x), where z is the complex conjugate of z;
2) (λx1+µx2, y) = λ(x1, y) + µ(x2, y), where λ and µ are arbitrary numbers;

3) (φk, φl) =

{
0, k ̸= l;

1, k = l.

Thus, the scalar product of elements of the space X by elements of the system φ is defined.
Every element x ∈ X is associated with a system of numbers x̂φ such that

x̂φ(k) = (x, φk), k = 1, 2, . . . (k ∈ N)
and for arbitrary Orlicz function M , we consider the sets

(2.6) SM,φ = SM,φ(X ) =
{
x ∈ X :

∞∑
k=1

M
(
Cx̂φ(k)

)
< ∞, ∀C > 0

}
.

Elements x, y ∈ X are considered identical in SM,φ if x̂φ(k) = ŷφ(k) for all k ∈ N.
For x ∈ SM,φ, the φ-norm of the element x is denoted by ∥x∥p,φ. Thus,

(2.7) ∥x∥M,φ := inf

{
α > 0 :

∞∑
k=1

M
(

|x̂φ(k)|
α

)
≤ 1

}
.

The spaces SM,φ are a special case of the spaces SM,Φ. Indeed, in the given space X , we define
an operator Φ that for every x ∈ X assigns the sequence y = {x̂k}∞k=1. We take the space R1

with measure dµ, whose support is the set Z1 of integer points k in which µ(k) ≡ 1, and set
A =

{
k ∈ Z1, k ≥ 1

}
. In this case Y (A,dµ) is the set of all sequences y, and the functional

(2.2) has the form

(2.8) ∥y∥
LM (A,dµ)

= inf

{
α > 0 :

∞∑
k=1

M
( |yk|

α

)
≤ 1

}
.

2.2.3. Spaces Sµ
M,φ. These spaces are defined in the same way as the spaces Sp

φ, except that the
functionals of the form

∞∑
k=1

M(·)

in the equalities corresponding to equalities (2.6)–(2.8), are replaced by functionals of the form
∞∑
k=1

µkM(·),

where µ = {µk}∞k=1 is a given system of non-negative numbers, µk ≥ 0, k ∈ N. In this case, if
µk ≡ 1, then Sµ

M,φ = SM,φ.
It is clear that these spaces are a special case of the spaces SM,Φ. In this case, we similarly

take the space R1 with measure dµ, whose support is the set Z1 of integer points k in which
µ(k) = µk and A = {k ∈ Z1, k ≥ 1}.
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2.2.4. Spaces SM (Td) = SM,F (L1(Td)). Let, as above, Rd be an d-dimensional, d ≥ 1, Euclidean
space of vectors t = (t1, . . . , td) and Zd be an integer lattice in Rd. Denote by Td := [0, 2π)d a
d-dimensional torus and set (t,y) := t1y1 + . . .+ tdyd, t,y ∈ Rd

Let, further, L1 = L1(Td) be the set of all Lebesgue-summable on Rd functions f(t) =
f(t1, . . . td), 2π-periodic in each variable. We take as X the space L1(Td) and define on it
the operator Φ (which we will denote by F), setting

F(f) = (2π)−d

∫
Td

f(t) e−i(k,t)dt = f̂(k), k ∈ Zm.

This operator maps the space L1(Td) to the set Y of functions y defined on the integer lattice
Zd. Let dµ be a measure in the space Rd, whose support is the set Zd, where it equals one. In
this case, the functional (2.2) has the form

∥f∥
LM (Rd, dµ)

:= inf

{
α > 0 :

∫
Rd

M
(

|f(t)|
α

)
dµ(t) ≤ 1

}
= inf

{
α > 0 :

∑
k∈Zd

M
(

|f̂(k)|
α

)
≤ 1

}
,

and the space SM,Φ (which we denote by SM (Td)) is defined by the relation

SM

(
Td

)
= SM,F (L1(Td)) =

{
f ∈ L1(Td) : (∀C > 0)

∑
k∈Zd

M
(
C|f̂(k)|

)
< +∞

}
.

Note that the spaces SM (T1) were considered in [1, 2], where, in particular, direct and inverse
approximation theorems in these spaces were proved. These spaces coincide with the spaces
SM,φ(L) generated by the set L1(Td) and the system φ = {τs}∞s=1, τs = τs(x) = {ei(ks,x)},
ks ∈ Zd, s ∈ N, which can be obtained by arbitrarily numbering the elements of the system
{ei(k,x)}k∈Zd .

In the case when M(u) = up, p ≥ 1, the spaces SM,φ are the spaces Sp
φ, the spaces Sµ

M,φ are
the spaces Sp,µ

φ , and the spaces SM (Td) are the Wiener type spaces Sp(Td) [11], which were
studied by many authors (see, for example [5, 15, 14, 13, 6, 7], and references therein).

3. MULTIPLIERS. APPROXIMATING AGGREGATES AND OBJECTS OF APPROXIMATION

Approximating aggregates for elements x ∈ SM,Φ and objects of approximation are defined
similarly to [12]. We use elements from SM,Φ whose images have supports γσ of given measure
σ. It is clear that exactly this principle is used in the classical case in the construction of, e.g.,
trigonometric polynomials for the approximation of a given periodic function if the operator Φ
is understood as the mapping of functions into the set of their Fourier coefficients. In the gen-
eral case, there arise certain problems related to the fact that the spaces SM,Φ can be incomplete.
In this connection, we introduce the following definitions.

Let ω = ω(t) be a certain function from Y (A,dµ). Then we denote by Mω
Φ the operator

acting from X into X that associates x ∈ X with an element xω ∈ X such that if Φ(x) =
x̂, then x̂ω(t) = Φ(xω) = ω(t)x̂(t) almost everywhere on A. The operator Mω

Φ is called the
multiplier of the operator Φ generated by the function ω. Let ΩΦ(X ) = ΩΦ(X ,X ) denote the
subset of functions ω from Y (A,dµ) for which the multipliers Mω

Φ exist.
If N and N′ are some subsets of X , ω ∈ ΩΦ(X ), and the operator Mω

Φ maps N into N′,
then we say that Mω

Φ has the type (N,N′). In particular, if Mω
Φ maps SM,Φ into SM,Φ, then

the operator Mω
Φ has the type (SM,Φ,SM,Φ), or, briefly, the type (M,M). The set of functions

ω generating operators of the type (M,M) is denoted by ΩM,Φ. Thus, if ω ∈ ΩM,Φ and the
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operator Mω
Φ acts from SM,Φ, then it acts into SM,Φ. In this case, every x ∈ SM,Φ is associated

with an element xω = Mω
Φ(x) for which the following equality holds almost everywhere on A:

(3.9) x̂ω(t) = Φ(xω) = ω(t)x̂(t), x̂ω ∈ LM (A,dµ).

Given σ > 0, assume that γσ is a µ-measurable set in A, mesµγσ =: |γσ| = σ, σ ≤ a, and λ = λ(t)
is a measurable function with support γσ . Also assume that, for a given Orlicz function M , we
have λ ∈ ΩM,Φ and Uγσ

(x, λ) := xλ = Mλ
Φ(x). According to (3.9), we get

(3.10) Ûγσ
(x, λ) = Φ(Uγσ

(x, λ)) =

{
λ(t)x̂(t), t ∈ γσ,

0, t∈̄γσ,
x ∈ SM,Φ.

The elements Uγσ (x, λ) are considered as approximating aggregates for x ∈ SM,Φ. In this case,
if λ(t) ≡ 1 on γσ , i.e., if λ(t) coincides with the characteristic function χγσ (t) of the set γσ , then
we set Uγσ

(x, χγσ
) =: Uγσ

(x).
Let Γσ = Γσ(A) be the set of all measurable subsets of A whose measures are equal to σ. We

say that, for a given Orlicz function M , an operator Φ satisfies condition (AM ) if the functions
χγσ (t) of all sets γσ ∈ Γσ belong to ΩM,Φ for all σ ∈ [0, a). Thus, if Φ satisfies condition (AM ),
then all elements Uγσ (x) are defined for any x ∈ SM,Φ and are contained in SM,Φ. The element
Uγσ

(x) is called the restriction of an element x of rank σ, and the element Uγσ
(x, λ) is called the

λ-restriction of x of the rank σ.
Let M be any Orlicz function and let x ∈ SM,Φ. Then, by virtue of (2.5) and (3.10), we get

∥x− Uγσ
(x, λ)∥

M,Φ

=∥x̂ − Ûγσ (x, λ)∥LM (A, dµ)

= inf

{
α > 0 :

∫
γσ

M
(

|1−λ(t)||x̂(t)|
α

)
dµ(t) +

∫
A\γσ

M
(

|x̂(t)|
α

)
dµ(t) ≤ 1

}
.

Hence, we arrive at the following statement:

Proposition 3.1. Suppose that M is any Orlicz function, x ∈ SM,Φ = SM,Φ(X ,Y ), γσ ∈ Γσ and
the operator Φ satisfies condition (AM ). Then

Eγσ
(x)

M,Φ
:= inf

λ∈ΩM,Φ

∥x− Uγσ
(x, λ)∥

M,Φ
= ∥x− Uγσ

(x)∥
M,Φ

.

Furthermore, the following equality is true:

(3.11) Eγσ
(x)

M,Φ
= inf

{
α > 0 :

∫
A\γσ

M
(

|x̂(t)|
α

)
dµ(t) ≤ 1

}
.

Thus, if χγσ
∈ ΩM,Φ, among all elements Uγσ

(x, λ) generated by the multipliers Mλ
Φ and

satisfying condition (3.10), the element Uγσ (x) has the least deviation from an element x in
Φ-norm in the space SM,Φ, i.e., among all λ-restrictions of x of given rank σ, its restriction for
λ(t) ≡ 1 is the closest one to x. It is clear that this property is an analog of the minimum
property of Fourier sums in the Hilbert spaces.

Let Γ = {γσ}σ>0, |γσ| = σ, be a family of measurable subsets of A that exhausts the entire
set A for σ → +∞, i.e., it possesses the property that any point t ∈ A is contained in all sets γσ
for all sufficiently large values of σ and, therefore, for any α > 0,

(3.12) lim
σ→+∞

∫
γσ

M
(

|x̂(t)|
α

)
dµ(t) =

∫
A
M

(
|x̂(t)|
α

)
dµ(t), ∀x ∈ SM,Φ.
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Combining relations (3.11) and (3.12), we see that

lim
σ→+∞
γσ∈Γ

Eγσ
(x)

M,Φ
= 0, ∀x ∈ SM,Φ.

The object of approximation are the classes of Ψ-integrals of all elements belonging to the unit
balls UM,Φ or Up

Φ of the spaces SM,Φ and Sp
Φ, respectively, under conditions that guarantee the

embedding Up
Φ ⊂ SM,Φ. The concept of Ψ-integral is introduced as follows [12]. Let Ψ = Ψ(t)

be an arbitrary function from ΩΦ(X ) and let MΨ
Φ be the multiplier of an operator Φ generated

by this function. In this case, the image xΨ of an element x under the mapping MΨ
Φ is called

the Ψ-integral of an element x and is denoted by MΨ
Φ (x) = xΨ = J Ψx. In certain cases, it is

convenient to call x the Ψ-derivative of xΨ and write x = DΨxΨ. Thus, if xΨ is the Ψ-integral
of x, then almost everywhere on A, we have

(3.13) x̂Ψ = Φ(J Ψx) = Ψ(t)x̂(t).

Let N be a certain subset of X . By ΨN, we denote the set of Ψ-integrals of all x ∈ N for
which they exist. In particular, if

UM,Φ = {x ∈ SM,Φ : ∥x∥
M,Φ

≤ 1} and Up
Φ = {x ∈ Sp

Φ : ∥x∥p,Φ ≤ 1}

are the unit balls in certain spaces SM,Φ and Sp
Φ, p > 0, then ΨUM,Φ and ΨUp

Φ are the sets of
Ψ-integrals of all x ∈ UM,Φ and x ∈ Up

Φ for which these integrals exist.
Comparing relations (3.13) and (3.9), we conclude that, as functions Ψ for which the defini-

tion of Ψ-integral is correct, one can choose any function from ΩM,Φ. In this case, the inclusions
ΨSM,Φ ⊂ SM,Φ and ΨSp

Φ ⊂ SM,Φ are valid.

4. APPROXIMATION CHARACTERISTICS

Let γσ , σ ∈ (0, a), be a fixed set of Γσ . Consider the following quantities:

Eγσ (x)M,Φ
= inf

λ∈ΩM,Φ

∥x− Uγσ (x, λ)∥M,Φ
, x ∈ SM,Φ,(4.14)

Eγσ (ΨUM,Φ)M,Φ
= sup

x∈ΨUM,Φ

Eγσ (x)M,Φ
(4.15)

and

Dσ(ΨUM,Φ)M,Φ
= inf

γσ∈Γσ

Eγσ
(ΨUM,Φ)M,Φ

.(4.16)

In the case of approximating periodic functions with trigonometric polynomials, the quantity
Eγσ (x)p corresponds to the best approximation of the function x using polynomials of degree
σ matching the set γσ , the quantity Eγσ (ΨUM,Φ)M,Φ

corresponds to the exact upper bound on
a given set of functions of such best approximations. The quantity Dσ(ΨUM,Φ)M,Φ

resembles
the trigonometric width of order σ of the set ΨUM,Φ.

We also consider the following characteristics, which, in the periodic case, correspond to
quantities related to the best σ-term approximation:

(4.17) eσ(x)M,Φ
= inf

γσ∈Γσ

Eγσ
(x)

M,Φ
, x ∈ SM,Φ.

Denote ΨUp
M,Φ = ΨUp

Φ ∩ SM,Φ, 0 < p < ∞, and

(4.18) eσ(ΨUp
M,Φ)M,Φ

= sup
x∈ΨUp

M,Φ

eσ(x)M,Φ
.

In what follows, we restrict ourselves to the case when corresponding characteristic functions
χγσ (·) belong to ΩM,Φ, i.e., the operator Φ satisfies condition (AM ). In this case, according
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to Proposition 3.1, of major interest are quantities (4.14)–(4.18), where λ(t) = χγσ
(t). In this

connection, we set

Eγσ
(x)

M,Φ
=∥x− Uγσ

(x)∥
M,Φ

, x ∈ SM,Φ,(4.19)

Eγσ
(ΨUM,Φ)M,Φ

= sup
x∈ΨUM,Φ

Eγσ
(x)

M,Φ
(4.20)

and

Dσ(ΨUM,Φ)M,Φ
= inf

γσ∈Γσ

Eγσ
(ΨUM,Φ)M,Φ

.

Similarly,

eσ(x)M,Φ
= inf

γσ∈Γσ

∥x− Uγσ
(x)∥

M,Φ
(4.21)

and

eσ(ΨUp
M,Φ)M,Φ

= sup
x∈ΨUp

M,Φ

eσ(x)M,Φ
.(4.22)

Theorem 4.1. Let M be an arbitrary Orlicz function, and let Ψ = Ψ(t) be an arbitrary function from
the set Y (A,dµ), essentially bounded on A, i.e.,

(4.23) ess sup
t∈A

|Ψ(t)| < ∞

and in the case where the set A is unbounded, let

(4.24) lim
|t|→+∞

Ψ(t) = 0.

Further, let X be an arbitrary linear space, and Φ be an operator that acts according to (2.3) and satisfies
the condition (AM ). Then, for any γσ ∈ Γσ , σ < a, the following estimates hold:

(4.25) Eγσ
(ΨUM,Φ)M,Φ

≤ Ψ̄γσ
(0+),

where Ψ̄γσ is the decreasing rearrangement of the function

(4.26) Ψγσ (t) =

{
|Ψ(t)|, t ∈ A \ γσ,

0, t ∈ γσ,

and

(4.27) Dσ(ΨUM,Φ)M,Φ
≤ Ψ̄(σ+),

where Ψ̄ is the decreasing rearrangement of the function |Ψ(t)|, t ∈ A.
If, in addition, for any γσ ∈ Γσ , σ ∈ (0, a), the characteristic functions χγσ belong to the set E(Φ)

of values of the operator Φ, and their preimages Uγσ
have Ψ-integrals, then relations (4.25) and (4.27)

are equalities. In this case, there exists a set γ∗
σ in Γσ for which the following equalities hold:

(4.28) Eγ∗
σ
(ΨUM,Φ)M,Φ

= Dσ(ΨUM,Φ)M,Φ
= Ψ̄(σ+).

In particular, any measurable subset of the set {t ∈ A : |Ψ(t)| ≥ Ψ̄(σ+)} that contains the set
{t ∈ A : |Ψ(t)| > Ψ̄(σ+)} can be taken as γ∗

σ .

Note that conditions (4.23) and (4.24) guarantee that for the function |Ψ(t)|, its distribution
function m|Ψ|(y),

m|Ψ|(y) = mesµEy, Ey = {t ∈ A : |Ψ(t)| ≥ y}, y ≥ 0,
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takes only finite values from the interval [0, a] for any y > 0. Therefore, according to the
definition of a decreasing rearrangement (see, for example, [3, Ch. 10], [4, Ch. 6], [12]), the
functions Ψ̄γσ

(t) and Ψ̄(t) are always defined.
We also note that, in the case where E(Φ) = LM (A, dµ), the operator Φ satisfies condition

(AM ). Moreover, by virtue of conditions (4.23) and (4.24), the requirements that guarantee the
equality in relations (4.25) and (4.27) are also satisfied.

Proof. Let’s use the proof scheme of Theorem 1 of [12] and Theorem 2 of [9]. Note that the
function Ψγσ

(t) is essentially bounded on A\γσ by virtue of (4.23). Therefore, its rearrangement
in decreasing order is bounded. Hence, there exists the limit

(4.29) Ψ̄γσ (0+) = lim
t→0+

Ψ̄γσ (t) =: yσ.

First, we prove relation (4.25). If x ∈ ΨUM,Φ, according to (4.19), (2.4), (3.9) and (2.2), we get

Eγσ
(x)

M,Φ
= ∥Φ(x− Uγσ

(x))∥
LM (A, dµ)

= ∥x̂− χγσ
x̂∥

LM (A, dµ)

= ∥Ψy − χγσ
Ψy∥

LM (A, dµ) ,(4.30)

where y is some function of the unit ball UM (A, dµ) in the space LM (A, dµ). Further, we can
use Theorem 2 from the paper [9], where, in fact, it is shown that

(4.31) sup
y∈UM (A, dµ)

∥Ψy − χγσ
Ψy∥

LM (A, dµ) = Ψ̄γσ
(0+).

Combining (4.20), (4.30) and (4.31), we see that relation (4.25) is true indeed. Considering the
lower bounds of both parts of (4.25) over the set Γσ , we get

(4.32) Dσ(ΨUM,Φ)M,Φ
≤ inf

γσ∈Γσ

Ψ̄γσ (0+).

In view of relation (4.26), we can conclude that the least value of the quantity Ψ̄γσ
(0+) is real-

ized in the case where γσ = γ∗
σ , and this value is equal to Ψ̄(σ+), i.e.,

(4.33) inf
γσ∈Γσ

Ψ̄γσ
(0+) = Ψ̄γ∗

σ
(0+) = Ψ̄(σ+).

This proves relation (4.27).
Now assume that, for any γσ ∈ Γσ , σ ∈ (0, a), the characteristic function χγσ belong to

the set E(Φ) of values of the operator Φ, and its preimage Uγσ has Ψ-integrals, which belongs
to SM,Φ. For a given γσ ∈ Γσ , we take any number y from the interval (0, yσ). Assume that
ey = {t ∈ A \ γσ : φγσ

(t) ≥ y} and ēy is any subset of the set ey , whose µ-measure does not
exceed 1, i.e., mesµēy ≤ 1. Let

hy(t) := χēy (t)M
−1

(
(mesµ ēy)

−1
)
,

where χēy is a characteristics function of the set ēy and M−1 is the inverse function of the
function M . Let also Uy be the preimage of the function hy under the mapping of Φ, i.e.,
Φ(Uy) = hy , and xΨ = J ΨUy be the Ψ-integral of the element Uy . By virtue of the above
assumptions, all elements constructed exist, and, since∫

A
M(hy) dµ(t) ≤ 1,
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we get hy ∈ U+
M (A) and xΨ ∈ ΨUM,Φ. For the element xΨ, relations (4.30) and (4.25) yields

Eγσ (x)M,Φ
= ∥Φ(xΨ − Uγσ (xΨ))∥LM (A, dµ)

= ∥Ψhy∥LM (A, dµ)

= inf

{
α > 0 :

∫
A\γσ

M
(
Ψγσ

(t)hy(t)/α
)
dµ ≤ 1

}
≥ y.

Taking into account the arbitrariness of the choice of y from the interval (0, yσ), we can conclude
that the set ΨUM,Φ contains elements x for which the values of Eγσ (x)M,Φ

are arbitrarily close
to the value of yγσ

. With regard for relation (4.29), this means that, in the case considered,
relation (4.25) is, in fact, the equality. Then, according to (4.32) and (4.33), relation (4.27) is also
the equality. If, in this case, if γ∗

σ is any measurable subset of the set {t ∈ A : |Ψ(t)| ≥ Ψ̄(σ+)}
that contains the set {t ∈ A : |Ψ(t)| > Ψ̄(σ+)}, then

Ψ̄γ∗
σ
(0+) = Ψ̄(σ+).

Then, according to relation (4.25) (which is now the equality), we get

Eγ∗
σ
(ΨUM,Φ)M,Φ

= Ψ̄(σ+).

This yields (4.28).
□

Note that in the spaces Sp
Φ, the assertions, similar to Theorem 4.1, were obtained in [12, 16, 8].

In particular, in the case when M(u) = up, p ≥ 1, the statement of Theorem 4.1 coincides with
the statement of Theorem 1 in [12].

Theorem 4.2. Let p ∈ (0,+∞) and M be an arbitrary Orlicz function such that the function M(u1/p)
is also Orlicz function. Let also Ψ = Ψ(t) be an arbitrary function from the set Y (A,dµ), essentially
bounded on A, which, in the case of an unbounded set A satisfies the condition (4.24). Further, let X
be an arbitrary linear space, and Φ be an operator that acts according to (2.3) and satisfies the condition
(AM ). Then for any σ, σ ∈ (0, a), the following inequality holds:

(4.34) eσ(ΨUp
M,Φ)M,Φ

≤ sup
l∈(σ,a]

( ∫ l
0
Ψ̄−p(t)dt

)− 1
p

M−1
(

1
l−σ

) ,

where M−1 is the inverse function of the function M and Ψ̄ is the decreasing rearrangement of the
function |Ψ(t)|, t ∈ A. The value of the exact upper bound in (4.34) is attained at some finite value
l = l∗.

If, in addition, the set E(Φ) of values of the operator Φ coincides with the entire space LM (A,dµ),
then relation (4.34) is equality.

Proof. Let x ∈ ΨUp
M,Φ. By virtue of (4.21), (2.5) and (3.9), we see that

eσ(x)M,Φ
= inf

γσ∈Γσ

∥Φ(x− Uγσ
(x))∥

LM (A, dµ)

= inf
γσ∈Γσ

∥x̂− χγσ
x̂∥

LM (A, dµ)

= inf
γσ∈Γσ

∥ |Ψ|y − χγσ |Ψ|y∥
LM (A, dµ)

= inf
γσ∈Γσ

inf

{
α > 0 :

∫
A\γσ

M
(

|Ψ(t)|y(t)
α

)
dµ(t) ≤ 1

}
,
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where y is a certain function such that the function |y| belongs to the intersection of the space
LM (A, dµ) and the set U+

p (A,dµ) of all non-negative functions from the unit ball Up(A,dµ) of
the space Lp(A,dµ), i.e., |y| ∈ LM (A, dµ) ∩ U+

p (A,dµ) =: Up,M (A). Then by (4.22), we get

(4.35) eσ(ΨUp
M,Φ)M,Φ

≤ sup
h∈Up,M (A)

inf
γσ∈Γσ

inf

{
α > 0 :

∫
A\γσ

M
(

|Ψ(t)|y(t)
α

)
dµ(t) ≤ 1

}
.

It was shown in [9] that for any p, M and Ψ satisfying the conditions of Theorem 4.2, the
following equality holds:

(4.36) sup
h∈Up,M (A)

inf
γσ∈Γσ

inf

{
α > 0 :

∫
A\γσ

M
(

|Ψ(t)|y(t)
α

)
dµ(t) ≤ 1

}
= sup

l∈(σ,a]

( ∫ l
0
Ψ̄−p(t)dt

)− 1
p

M−1( 1
l−σ )

,

where M−1 is the inverse function of the function M and Ψ̄ is the decreasing rearrangement
of the function |Ψ(t)|, t ∈ A. The value of the exact upper bound in (4.34) is attained at some
finite value l = l∗.

Combining relations (4.35) and (4.36), we obtain (4.34):

eσ(ΨUp
Φ)M,Φ

≤ sup
l∈(σ,a]

( ∫ l
0
Ψ̄−p(t)dt

)− 1
p

M−1
(

1
l−σ

) =

( ∫ l∗
0

Ψ̄−p(t)dt
)− 1

p

M−1
(

1
l∗−σ

) .

Consider the function

y∗(t) =
χE(t)

|Ψ(t)|

(∫
E
|Ψ(u)|−pdµ(u)

)− 1
p

, t ∈ A,

where E is any subset of the set {t ∈ A : |Ψ(t)| ≥ Ψ̄(l∗−)}, which contains the set {t ∈ A :
|Ψ(t)| > Ψ̄(l∗−)}, mesµE = l∗, and χE is the characteristic function of the set E.

Assume that the set E(Φ) of values of the operator Φ coincides with the space LM (A,dµ).
Then there exists an element x ∈ SM,Φ such that x̂(t) = y∗(t) almost everywhere on A and

∥x∥p
p,Φ

= ∥x̂∥p
Lp(A, dµ)

= ∥y∗∥p
Lp(A, dµ)

=

∫
E
|Ψ(t)|−p dµ(t)

(∫
E
|Ψ(u)|−p dµ(u)

)−1

= 1,

therefore, x ∈ Up
Φ. Furthermore, there exists an element xΨ ∈ SM,Φ such that almost every-

where on A
x̂Ψ(t) = Ψ(t)x̂(t) = Ψ(t)y∗(t).

Since x ∈ Up
Φ, we have x̂Ψ ∈ ΨUp

M,Φ and the following relation holds:

eσ(x)M,Φ
= inf

γσ∈Γσ

∥Φ(xΨ − Uγσ
(xΨ))∥LM (A, dµ)

= inf
γσ∈Γσ

∥x̂Ψ − χγσ
x̂Ψ∥LM (A, dµ)

= inf
γσ∈Γσ

∥Ψy∗ − χγσ
Ψy∗∥

LM (A, dµ)

= inf
γσ∈Γσ

inf

{
α > 0 :

∫
A\γσ

M
(

|Ψ(t)|y∗(t)
α

)
dµ(t) ≤ 1

}
= inf

{
α > 0 : (l∗ − σ)M

((∫
E
|Ψ(u)|−p dµ(u)

)− 1
p

/α

)
≤ 1

}
.

For any number h ≥ 0, the µ-measure of the set {t ∈ E : |Ψ(t)| ≥ h} is equal to the Lebesgue
measure of the set {t ∈ (0, s∗) : Ψ̄(t) ≥ h}. Therefore, from the definition of the decreasing
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rearrangement of a function, it follows that∫
E
|Ψ(u)|−p dµ(u) =

∫ s∗

0

Ψ̄−p(t) dt

and

eσ(x)M,Φ
= inf

{
α > 0 : M

((∫ s∗

0

φ̄−p(t)dt
)− 1

p

/α

)
≤ 1

s∗−σ

}
=

( ∫ l∗
0

Ψ̄−p(t)dt
)− 1

p

M−1
(

1
l∗−σ

) .

Thus, in the given case, the relation (4.34) is actually an equality.
□

Note that in the spaces Sp
Φ, statements similar to Theorem 4.2 were obtained in [12, 16, 8].

In particular, if M(u) = uq , q = p, the statement of Theorem 4.2 coincides with the statement
of Theorem 2 in [12]. In the case when 0 < p, q < ∞, the results similar to Theorem 4.2 were
obtained in [16]. Estimates similar to (4.36) in the spaces Lp(A, dµ) were proven in [17]. In the
spaces Sp

φ and Sp(Td), statements similar to Theorem 4.1 and 4.2 were obtained in [11, 13] and
[14, Chap. 11], and in the Orlicz sequence spaces lM , such statements were proven in [10].
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