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1. INTRODUCTION

In 2003, Stepanets [12] introduced the spaces S§ = S5 (2", %). His approach made it pos-
sible to consider the usual problems of approximation theory in general linear spaces, and at
the same time, by considering special cases of his constructions, it is possible to obtain quite
meaningful results in many well-known spaces. Here, we consider the spaces Sjys,o, which
constructed similarly to the spaces S} and generated by a certain Orlicz function M (u), u > 0.
In the case when M is a power function, i.e., M(u) = u?, p > 1, the spaces Sys,¢ coincide with
the spaces S§. However, this construction also makes it possible to obtain, as special cases of
spaces Sir,o, some other important spaces of the Orlicz type.

2. THE SPACES Sy,

2.1. Definition of the spaces Sy . Let us introduce spaces Sys,¢ and show their connection
with other well-known spaces. In defining them and further in the paper, we will mainly use
the symbols and definitions proposed in [12].

Let 2" and % be some linear spaces of elements x and y, respectively. Suppose that a linear
operator ¢ is defined on 2" acting in %/, and a functional f is defined on some subset " C %'.
Let E(®) be the range of the operator ®, and 2" be the preimage of the set #’ C E(®) under
the mapping ®. In this case, on £ we can define the functional f’ using the equality

21 fl@)=f(®(x), ze2”

If we choose as f a functional that defines a norm (or quasi-norm) on #/, then equality (2.1) will
define a similar quantity on 2. These considerations form the basis for further constructions.

Let (R4, %,du), d > 1, be a d-dimensional Euclidean space of points t = (t1,...,t4), defined
on a Borel o-algebra 9B of subsets of R?, with a finite o-additive continuous measure du. Let
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A be a pu-dimensional subset of (R%, B, du), whose p-measure is equal to a, where a is a finite
number, or a = +00:
p(h) = |AlL = a, ae(0,+odl.

Let also % = #(A,dpu) be the set of all functions f = f(t) defined on A and measurable with
respect to the measure du.

Next, let M (u), u > 0, be an arbitrary Orlicz function, i.e., a non-decreasing convex function
such that M (0) = 0 and M (u) — +o00 as u — +o00. Denote by Ly, (A, du) the set of all functions
f € #(A,du) that satisfy the condition

(VC' > 0) /A M(CIf(®)]) du(t) < +oo.

The linear space L (A, dp) is a Banach space with the Luxembourg norm

2.2 .= inf a>o:/MM d tg1},
22) 11l o, { UG

and it is called the Orlicz space.
Note that in the case when M (u) = u?, p > 1, the spaces Ly (A, du) coincide with the well-
known Lebesgue spaces L, (A, dut), which consist of functions f € #'(A, du) such that

11y 0.y = ([ 1FOPa00) < o

Let 2 be a linear space of elements x, and ® be a linear operator acting from 2" to %' (A, du):

(2.3) O: 2 > WA dy), Pa)==z =z, T du).
We set
(2.4) Suao =Sue(2,Y) = {x e 2 |7l ) < +oo}.

Thus, the set Sa,o is the set of all elements © € 2 that are preimages of functions from the set
Ly(A, dp) under the mapping .

Elements x;,z2 € 2 are considered identical in Sy g if, with respect to measure dy, T (t) =
To(t) almost everywhere on A. For elements 1,22 € Si,0, the ®-distance between them is
defined by the equality

p<1>(x17x2)]\4)¢, = ||<I>(l‘1 - mz)”LM(A,du)'

-~

An element 6 is called a zero element of the set Sys,¢ if the equality 8(t) = 0 holds almost
everywhere on A.

The distance pq (6, x) is called the ®-norm of the element x € Sys,4 and it is denoted by

M,®
Thus, by definition

Ewe.

(25) H‘r”]u,q) = pq>(9,$)M7¢ = H/x\”LM(A,du)'

In the terminology accepted in the theory of integral transformations, the element z = ®(x) is
the image (®-image) of an element z, and the set E(®) of values of the operator ® is the set of
images. Thus, the ®-distance and ®-norm are the distance and norm in the space of images.

2.2. Examples of the spaces Sys,4. Let us consider several examples of the simplest implemen-
tations of the constructions under consideration. Here, we will say that a certain space N is a
special case of the space Sy ¢ if it can be obtained by appropriately choosing the space £, the
measure dy, and the operator ®.
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2.2.1. Spaces Si. In the case when M(u) = t, p > 1, the spaces Sys¢ coincide with the
Stepanets spaces S} [12]. Note that in [12], many special cases in the above sense of spaces
S% were also presented. Approximative characteristics of the spaces S were studied in [12, 13,
16, 8], etc.

2.2.2. Spaces Syr,,. Let 2 be a linear complex space, let ¢ = {¢;}72, be a fixed countable
linearly independent system in this space, and let any pair =,y € £, in which at least one
element belongs to ¢, be associated with a number (z, y) such that the following conditions are
satisfied: o

1) (z,y) = (y, x), where % is the complex conjugate of z;

2) (A\z1+pza,y) = Mz1,y) + p(x2,y), where A and p are arbitrary numbers;

0, k#I;
1, k=1L

Thus, the scalar product of elements of the space Z” by elements of the system ¢ is defined.
Every element € 2" is associated with a system of numbers Z,, such that

Zo(k) = (x,o0), k=1,2.. (keN)

and for arbitrary Orlicz function M, we consider the sets

3) (pr, 1) =

(2.6) Satp = Sn (X)) = {x €23 M(CZ,(k) <o, ¥C > o}.
k=1
Elements z,y € 2" are considered identical in Syy ,, if Z,(k) = ¥, (k) for all k € N.
For x € Sy, the p-norm of the element x is denoted by ||z||,,,. Thus,

(2.7) |||z, := inf {a >0:> M (ﬁaﬂ) < 1}.
k=1

The spaces Sy, are a special case of the spaces Sys.¢. Indeed, in the given space 2, we define
an operator ® that for every x € 2" assigns the sequence y = {7} },—,. We take the space R!
with measure du, whose support is the set Z! of integer points k in which u(k) = 1, and set
A= {k ez, k>1 } In this case #'(A, du) is the set of all sequences y, and the functional
(2.2) has the form

(o9}
(28) [P~ =inf{a>0 DIUCHE 1}-
k=1
2.2.3. Spaces Sy . These spaces are defined in the same way as the spaces S, except that the
functionals of the form
> M()
k=1

in the equalities corresponding to equalities (2.6)—(2.8), are replaced by functionals of the form

> M),
k=1

where p = {u}72, is a given system of non-negative numbers, p, > 0, k € N. In this case, if
pr =1, then S]PLLI,QO = S]\/[,Lp.

It is clear that these spaces are a special case of the spaces Sys.¢. In this case, we similarly
take the space R! with measure du, whose support is the set Z! of integer points k in which
w(k) = pxand A = {k € Z', k > 1}.
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2.2.4. Spaces Spr(T4) = Spr,7(L1(T?)). Let, as above, R? be an d-dimensional, d > 1, Euclidean
space of vectors t = (t1,...,t4) and Z? be an integer lattice in R%. Denote by T¢ := [0, 27)¢ a
d-dimensional torus and set (t,y) :=t1y1 + ... +taya, t,y € R¢

Let, further, L; = L;(T%) be the set of all Lebesgue-summable on R? functions f(t) =
f(t1,...tq), 2m-periodic in each variable. We take as 2  the space L;(T%) and define on it
the operator ® (which we will denote by F), setting

F(f) = (2m)~¢ / ft) e N ag = f(k), kez™

This operator maps the space L;(T?) to the set % of functions y defined on the integer lattice
Z%. Let du be a measure in the space RY, whose support is the set Z¢, where it equals one. In
this case, the functional (2.2) has the form

>|) < 1},

191, gy = 0t {0 /M 80) ey <1} =

and the space Sys,¢ (which we denote by Sy, (T%)) is defined by the relation

kezd

Sur (T = Sar,7(L1(TY)) = {f €L(TY: (VC>0) > M(C|f(x)|) < +oo}.

kezd

Note that the spaces Sy, (T') were considered in [1, 2], where, in particular, direct and inverse
approximation theorems in these spaces were proved. These spaces coincide with the spaces
Sar,(L) generated by the set L;(T?) and the system ¢ = {r,}30, 7, = 74(x) = {eiks®)},
ks € Z4, s € N, which can be obtained by arbitrarily numbering the elements of the system
{9 }yeza.

In the case when M (u) = u”, p > 1, the spaces Sy, are the spaces Sf;, the spaces Sﬁf/[, , are
the spaces 82, and the spaces Sy (T%) are the Wiener type spaces SP(T?) [11], which were
studied by many authors (see, for example [5, 15, 14, 13, 6, 7], and references therein).

3. MULTIPLIERS. APPROXIMATING AGGREGATES AND OBJECTS OF APPROXIMATION

Approximating aggregates for elements = € Sys ¢ and objects of approximation are defined
similarly to [12]. We use elements from Sy ¢ whose images have supports -, of given measure
o. It is clear that exactly this principle is used in the classical case in the construction of, e.g.,
trigonometric polynomials for the approximation of a given periodic function if the operator ®
is understood as the mapping of functions into the set of their Fourier coefficients. In the gen-
eral case, there arise certain problems related to the fact that the spaces Sy ¢ can be incomplete.
In this connection, we introduce the following definitions.

Let w = w(t) be a certain function from #(A,du). Then we denote by MY the operator
acting from 2" into 2~ that associates € 2" with an element z,, € 2" such that if ®(z) =
Z, then 7,,(t) = ®(z,) = w(t)z(t) almost everywhere on A. The operator MY is called the
multiplier of the operator ® generated by the function w. Let Q¢(Z") = Qa (£, Z7) denote the
subset of functions w from # (A, du) for which the multipliers MY exist.

If 9 and 9V are some subsets of 27, w € Qg (Z"), and the operator M¥% maps N into N,
then we say that M¥ has the type (91,9). In particular, if M% maps Sa,¢ into Syr,e, then
the operator MY has the type (Sir,¢,Sm,a), or, briefly, the type (M, M). The set of functions
w generating operators of the type (M, M) is denoted by Q6. Thus, if w € Q76 and the
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operator M acts from Siz,a, then it acts into Sys 6. In this case, every = € Sy ¢ is associated
with an element z,, = M () for which the following equality holds almost everywhere on A:

(3.9) Bult) = Ba) = w(O)F(L), . € Lus(h, dp).

Given o > 0, assume that v, is a yi-measurable set in A, mes, v, =: |7,| = 0,0 < a,and A = A(t)
is a measurable function with support 7,. Also assume that, for a given Orlicz function M, we
have \ € Oy 9 and U, (z,A) := 25 = M} (z). According to (3.9), we get

A(t)z(t), t€,

_ z€Sua.
0, t€7, ’

(3.10) U, (z,)) = ®(U,_(x,\) = {

The elements U, (z, \) are considered as approximating aggregates for z € Sys,¢. In this case,
if \(t) =1 on,, i.e., if A(t) coincides with the characteristic function x,, (t) of the set ,, then
weset U, (z,x~,) =: Uy, (2).

LetT', = I';(A) be the set of all measurable subsets of A whose measures are equal to 0. We
say that, for a given Orlicz function M, an operator ® satisfies condition (Ajy) if the functions
X, (t) of all sets v, € T'; belong to Q.4 for all o € [0,a). Thus, if ® satisfies condition (Aas),
then all elements U, (z) are defined for any « € Sys,¢ and are contained in Sy, 4. The element
U,, (z) is called the restriction of an element z of rank ¢, and the element U,_(x, ) is called the
A-restriction of z of the rank o.

Let M be any Orlicz function and let « € Syr,6. Then, by virtue of (2.5) and (3.10), we get

o — U, (@, My

=12 = Un (@M1,
inf{a >0 :/ M(M) du(t)Jr/ M('ffj”)du(t) < 1}.
- Ao

Hence, we arrive at the following statement:

Proposition 3.1. Suppose that M is any Orlicz function, x € Syre0 = Sme(Z, %), vo € Ty and
the operator ® satisfies condition (Ar). Then

g’)’n(z)Mq) = N inf ||x - U’Yn(xv /\)”Mq) = ”'r - U’)’a(z)H]wq)'
’ €QMm,0 J )
Furthermore, the following equality is true:
— . [2(t)]
3.11) &y (1), o =infea>0: M =27 )dp(t) <15,
’ A\o

Thus, if x,, € Qu.0, among all elements U, (z,\) generated by the multipliers M3} and
satisfying condition (3.10), the element U,_(x) has the least deviation from an element x in
®-norm in the space Sys.¢, i.e., among all A\-restrictions of x of given rank o, its restriction for
A(t) = 1is the closest one to . It is clear that this property is an analog of the minimum
property of Fourier sums in the Hilbert spaces.

LetT = {v,}o>0, |7o| = 0, be a family of measurable subsets of A that exhausts the entire
set A for o — 400, i.e., it possesses the property that any point t € A is contained in all sets ~,
for all sufficiently large values of ¢ and, therefore, for any « > 0,

(3.12) lim /M(@)du(t):AM(@)du(t), Yz € Suro.
Yo

o—+00
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Combining relations (3.11) and (3.12), we see that
O’EI:‘,I:IOO &, (x)M’q) =0, Vo € Spa-
Yo €D

The object of approximation are the classes of W-integrals of all elements belonging to the unit
balls Uy, or Uy of the spaces Syr,¢ and S5, respectively, under conditions that guarantee the
embedding U} C Sy,¢. The concept of ¥-integral is introduced as follows [12]. Let ¥ = W(t)
be an arbitrary function from Q4 (27) and let My be the multiplier of an operator ® generated
by this function. In this case, the image zy of an element  under the mapping My is called
the W-integral of an element = and is denoted by M} (z) = 2y = J Yz. In certain cases, it is
convenient to call z the U-derivative of xy and write = D¥Yxy. Thus, if zy is the VU-integral
of z, then almost everywhere on A, we have

(3.13) Ty = ®(JTVx) = T(t)Z(t).
Let 9 be a certain subset of Z". By ¥ 91, we denote the set of W-integrals of all z € 91 for
which they exist. In particular, if
Ume = {JJ € SM@ : || ‘rHM,fb < 1} and Ug = {a: € Sg, : || Jij@ < 1}
are the unit balls in certain spaces Sy;.¢ and S§, p > 0, then YU ¢ and PUY are the sets of
U-integrals of all 2 € Uys,¢ and = € U} for which these integrals exist.
Comparing relations (3.13) and (3.9), we conclude that, as functions ¥ for which the defini-

tion of U-integral is correct, one can choose any function from Q2 3. In this case, the inclusions
\I/SM’<1> C S]V[@ and \I/Sg C S]\/[}@ are valid.

4. APPROXIMATION CHARACTERISTICS

Let v,, 0 € (0,a), be a fixed set of I',. Consider the following quantities:

(4.14) &y, (x)M@ = Aeiéll\f/j‘q) [z — Us, (z, )‘)llM@a r €Su.s,
(4.15) &y, (\IIUM,q))M o= Sup & (7),, 4
’ r€VUM, @ ’
and
(416) _@J(\I’UMA))M@ :wghelgg éafya (\I’UAL@)J\L{)'

In the case of approximating periodic functions with trigonometric polynomials, the quantity
&, (x), corresponds to the best approximation of the function z using polynomials of degree
o matching the set +,, the quantity &, (YUxs,¢) m.¢ corresponds to the exact upper bound on
a given set of functions of such best approximations. The quantity Z,(¥Uns,a) . Tesembles
the trigonometric width of order o of the set WU/ 4.

We also consider the following characteristics, which, in the periodic case, correspond to

quantities related to the best o-term approximation:

4.17) eg(x)M& = %irelf‘g &y, (x)M’@, z € Spe-
Denote ‘IIUJ’\}@ =WUE NSnae,0<p< oo and

(4.18) eg(\I/UJZCLq))M,@: sup eg(a:)M,(I).
xE\I/UIICLq)

In what follows, we restrict ourselves to the case when corresponding characteristic functions
X+, (+) belong to Qs 4, ie., the operator & satisfies condition (Au). In this case, according
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to Proposition 3.1, of major interest are quantities (4.14)-(4.18), where A(t) = x., (t). In this
connection, we set

(419) gﬂ/a (x)M,q:. :H L= U’Ya (x)HM,q;v T e SM,‘I>7
(4.20) E(YUnma) e = sSup &, (2), 0
) zeVUNM, @ ’

and

_@J(\IIUM@)M’@ :virellf“ co‘“’%(\IIUM@)M’q).
Similarly,
(421) ea(x)M@ = nggd || L= U’Ya (l‘)”M,@
and
(4.22) eg(\I/U]’C[,q))M o= SUD  €x(T), 4

’ zeVUy, 4 ’

Theorem 4.1. Let M be an arbitrary Orlicz function, and let U = U(t) be an arbitrary function from
the set % (A, du), essentially bounded on A, i.e.,

(4.23) esssup |U(t)| < oo
teA

and in the case where the set A is unbounded, let

(4.24) lim  W(t) =0.

[t] =400

Further, let 2" be an arbitrary linear space, and ® be an operator that acts according to (2.3) and satisfies
the condition (Apy). Then, for any v, € Ty, 0 < a, the following estimates hold:

(425) g’)’a‘ (\I/UM,‘I’)M@ < \TJ’YU (O+)a

where V., is the decreasing rearrangement of the function

(426) W, (1) = {"I’(t)" bEANT,
0, t <,

and

(4.27) Do(VUn3) pp 4 < T(0F),

where W is the decreasing rearrangement of the function |¥(t)|, t € A.

If, in addition, for any v, € T'y, 0 € (0, a), the characteristic functions x.,, belong to the set E(®)
of values of the operator ®, and their preimages U.,  have U-integrals, then relations (4.25) and (4.27)
are equalities. In this case, there exists a set ~y in I', for which the following equalities hold:

(4.28) 57; (\IJUM,':I))M,@ = @U(\IIUAL(D)M,@ = \I’(O'—‘r)
> W(o+)} that contains the set

In particular, any measurable subset of the set {t € A : [¥(t)
{t € A: |¥(t)| > U(o+)} can be taken as .

Note that conditions (4.23) and (4.24) guarantee that for the function |¥(t)|, its distribution
function my(y),

m|\IJ\(y) = meSMEZH EZI = {t € A |\I’(t)‘ Z y}7 Yy Z Ov
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takes only finite values from the interval [0,a] for any y > 0. Therefore, according to the
definition of a decreasing rearrangement (see, for example, [3, Ch. 10], [4, Ch. 6], [12]), the
functions V., (t) and ¥(t) are always defined.

We also note that, in the case where E(®) = Ly (A, du), the operator ® satisfies condition
(Aar). Moreover, by virtue of conditions (4.23) and (4.24), the requirements that guarantee the
equality in relations (4.25) and (4.27) are also satisfied.

Proof. Let’s use the proof scheme of Theorem 1 of [12] and Theorem 2 of [9]. Note that the
function ¥.,_(t) is essentially bounded on A\ v, by virtue of (4.23). Therefore, its rearrangement
in decreasing order is bounded. Hence, there exists the limit

(4.29) v, (04) = t1_1>r51+ U, (t) = Yo.
First, we prove relation (4.25). If + € WU}, 4, according to (4.19), (2.4), (3.9) and (2.2), we get

(giyd (x)JW,@ = ||‘I)(I - U’ya (x))”LM(A, dp)
= ||§ - X’)’ogHLM(A., dp)

(4.30) =19y =X %Yl g

where y is some function of the unit ball Uy (A, du) in the space Ly (A, du). Further, we can
use Theorem 2 from the paper [9], where, in fact, it is shown that

(4.31) sup Yy — X, Py =W, (0+).

Ut (A, dp) || ot ”LM(A,d,u) ot ( )
Combining (4.20), (4.30) and (4.31), we see that relation (4.25) is true indeed. Considering the
lower bounds of both parts of (4.25) over the set I',, we get

(432) QU(TUIM,@) < inf \i/fya (0—|—)

M.® = er,

In view of relation (4.26), we can conclude that the least value of the quantity W, (0+) is real-
ized in the case where v, = 7, and this value is equal to ¥(c+), i.e.,
(4.33) 1r€1£ ., (04) = U (0+) = U(o+).
Yo o
This proves relation (4.27).

Now assume that, for any 7, € I',, 0 € (0,a), the characteristic function x,, belong to
the set £(®) of values of the operator ®, and its preimage U, has U-integrals, which belongs
to Sur,0. For a given v, € I';, we take any number y from the interval (0,y,). Assume that
ey, = {t € A\ 7, : ¢y, (t) > y} and ¢, is any subset of the set e,, whose pi-measure does not
exceed 1, i.e.,, mes,e, < 1. Let

hy(8) = Xe, ()M ((mes,, &,) 7).

where xz, is a characteristics function of the set e, and M ! is the inverse function of the
function M. Let also U, be the preimage of the function h, under the mapping of @, ie.,
®(U,) = hy, and zg = JYU, be the U-integral of the element U,. By virtue of the above
assumptions, all elements constructed exist, and, since

/ M(hy) du(t) < 1,
A
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we get h, € UAJZI (A) and zg € UUyp 4. For the element zy, relations (4.30) and (4.25) yields

&y, (x)M,<1> = |[@(@e — Uy, (x‘l’))”LM(A, dp)

= ||\I/hy||LM(A7 d#)

= inf{a >0 : /A M (W, (t)hy(t)/a) dp < 1}
- \ %o

Taking into account the arbitrariness of the choice of y from the interval (0, y,,), we can conclude
that the set YU, ¢ contains elements « for which the values of &, (x) M@ are arbitrarily close
to the value of y.,,. With regard for relation (4.29), this means that, in the case considered,
relation (4.25) is, in fact, the equality. Then, according to (4.32) and (4.33), relation (4.27) is also
the equality. If, in this case, if 7 is any measurable subset of the set {t € A : |¥(t)| > ¥U(o+)}
that contains the set {t € A : |¥(t)| > U(o+)}, then

V.- (04) = V(o+).
Then, according to relation (4.25) (which is now the equality), we get
é()’y (\IJU]\/])@)M7‘1> = \TJ(O'—F)

This yields (4.28).
([l

Note that in the spaces S, the assertions, similar to Theorem 4.1, were obtained in [12, 16, 8].
In particular, in the case when M (u) = w?, p > 1, the statement of Theorem 4.1 coincides with
the statement of Theorem 1 in [12].

Theorem 4.2. Let p € (0, +00) and M be an arbitrary Orlicz function such that the function M (u'/P)
is also Orlicz function. Let also W = U(t) be an arbitrary function from the set % (A, dw), essentially
bounded on A, which, in the case of an unbounded set A satisfies the condition (4.24). Further, let 2~
be an arbitrary linear space, and ® be an operator that acts according to (2.3) and satisfies the condition
(Anr). Then for any o, o € (0,a), the following inequality holds:

<« (folxiﬁp(t)dt)_%
_le(al?a] M’l(ﬁ) ’

where M~ is the inverse function of the function M and U is the decreasing rearrangement of the
function |¥(t)|, t € A. The value of the exact upper bound in (4.34) is attained at some finite value
I=1"

If, in addition, the set E(®) of values of the operator ® coincides with the entire space Ly (A, du),
then relation (4.34) is equality.

Proof. Letzx € \I/U]{'L(b. By virtue of (4.21), (2.5) and (3.9), we see that

(4.34) e (YU 0) pr0

ea(z)M,<1> - inelfp [®(z — U,, (gj))HLM(A’ du)
= 'yuel{‘o |z — ngx”LM(A, dp)

o

nf ¥y = X 1Yl o ap

= inf inf 0: M(EOB®Y7,¢) < 1
A/jIelrglIl {oz> /A\% ( p )H()— )
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where y is a certain function such that the function |y| belongs to the intersection of the space
La(A, du) and the set U,S (A, du) of all non-negative functions from the unit ball U, (A, du) of
the space Ly, (A, du), ie., [y| € Lar(A, du) N U, (A, dp) =: Up ar(A). Then by (4.22), we get

435 e (WUP < sup inf 1nf{a>0:/ [Zly®) ) g <1}.
( ) ( M,@)M,@ heldy ar (A) o€ o Ao ( ) 1(t)
It was shown in [9] that for any p, M and ¥ satisfying the conditions of Theorem 4.2, the
following equality holds:

1

(4.36) sup inf inf{a >0: / M(W)du(t) < 1} = sup M»

M-1(1_
heUp v (A) Vo€l N l€(o,a] (=)
A\vo

where M~ is the inverse function of the function M and ¥ is the decreasing rearrangement
of the function |¥(t)|, t € A. The value of the exact upper bound in (4.34) is attained at some
finite value [ = I*.
Combining relations (4.35) and (4.36), we obtain (4.34):
1
< sup (f(j \I/’p(t)dt)_g _ ( o ‘I/’p(t)dt)
leeal M (7) )

=

eg(\IlUg)M)q)

Consider the function

ey Xg(t) p ~5
v(©) = g ([ ra) 7 ven

where E is any subset of the set {t € A : |¥(t)] > ¥(I*—)}, which contains the set {t € A :
[W(t)| > ¥(I*—)}, mes,E = I*, and x is the characteristic function of the set .

Assume that the set E(®) of values of the operator ® coincides with the space Ly, (A, du).
Then there exists an element = € Sy ¢ such that Z(t) = y*(t) almost everywhere on A and

—1
ol = 1712y gy =112, 0 gy = [ 1CO17 ) ([ 19007 )™ =1

therefore, z € UL. Furthermore, there exists an element zy € Sys,¢ such that almost every-
where on A

Ty (t) = W(t)z(t) = W(t)y"(t).
Since z € Ug, we have Zy € WUy, 4 and the following relation holds:
eo(@)pe = IE ([@e = Uy, (@), (4 au)

= 1nf ||J)\1/

e T XVux‘I’HLM(A dp)

Z%mf Y™ = X0 Oy N 1, g

= inf inf 0: M (BTN g8) < 1
’YjIelrglIl {a> /A\7 ( o ) p(t) <

:inf{a>0 I (/\If Py ))_;/a><1}.

For any number h > 0, the u-measure of the set {t € E: [¥(t)| > h} is equal to the Lebesgue
measure of the set {t € (0,s*) : W(t) > h}. Therefore, from the definition of the decreasing
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rearrangement of a function, it follows that

Ll du = [ e a

and

=

. . 5 J3 o @)
eqs(x = inf a>0:M(/ @ P(t)dt a>§*1_}<"
( )IVI,¢> { ( o ( ) ) / s*—o Mﬁl(l*l,,_.,)
Thus, in the given case, the relation (4.34) is actually an equality.
O

Note that in the spaces S§, statements similar to Theorem 4.2 were obtained in [12, 16, 8].
In particular, if M(u) = u9, ¢ = p, the statement of Theorem 4.2 coincides with the statement
of Theorem 2 in [12]. In the case when 0 < p,q < oo, the results similar to Theorem 4.2 were
obtained in [16]. Estimates similar to (4.36) in the spaces L, (A, du) were proven in [17]. In the
spaces SP and SP(T9), statements similar to Theorem 4.1 and 4.2 were obtained in [11, 13] and
[14, Chap. 11], and in the Orlicz sequence spaces [, such statements were proven in [10].
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